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Résponse of Self-Excited Three-Degree-of-Freedom
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The response to multifrequency excitation of a three-degree-of-freedom self-
excited system is analyzed by using multiple scales. Five cases of resonance are
considered: Harmonic, subharmonic, superharmonic, simultaneous sub/super-
harmonic, and combination resonances. The steady-state amplitudes for each
case are plotted, showing the influences of the several parameters. Approximate
solutions are found and stability analyses are carried out for each case.

1. INTRODUCTION

Considerable attention has been given to the response of oscillatory
systems (Krylov and Bogoliubov, 1947; Minorsky, 1962; Haag, 1962;
Elnaggar, 1976). The response of these systems is of considerable interest
to several fields of engineering, statistical mechanics, electronics, and bio-
logical science (Pavlidis, 1962; Lindsay, 1972). The subject has by no means
been exhausted, and little attention has been given to the response of
oscillatory systems with many degrees of freedom (Tso and Asmis, 1974;
Nayfeh and Mook, 1979; Nayfeh, 1983; Nayfeh and Zavodney, 1986). This
paper extends the analysis developed in Elnaggar and El-Bassiouny (1991)
to a self-excited system with three degrees of freedom in which the first
and the second modes are excited externally to multifrequency excitations
and the third mode is excited through coupling. The mathematical model
of these systems is

n=1

.. . 1. N
X}+wa}=e(Xj—SXf-)+8j1<£a1X2+sa2X3+ Y F,cos(Q,t+ V,,))

M
+6j2(sa2X1+ea4X3+ Y H, cos(®,t+ ym))
1

m=
+8;3(sas X +eaeX,) (1.1,1.2,1.3)
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where Q,,, ®,., ¥», Ym, Fu, Hn, w;, and o; (i=1,...,6) are constants.

In equations (1.1)-(1.3), and in all the subsequent equations, the
subscript j takes the values j=1, 2,3 and 8 is the Kronecker symbol, with
k=1,2,3. This model represents the oscillation of a cutting tool, the
self-rotation of elastic rotors, and many other physical systems (Vasilenko,
1969; Kononenko and Kovalchak, 1973).

2. ANALYSIS

Using the method of multiple scales (Nayfeh and Mook, 1979), one
seeks an approximate solution in the form

Xj(t; S)Zon(To, T1)+5XJ'1(T0, T)+:-- (2.1,2.2,2.3)

Substituting (2.1)-(2.3) into equations (1.1)-(1.3), expanding the deriva-
tives, and equating the coefficients of € and ¢ on both sides, we obtain

N
DiXo+wiXj0=8, Y, K,cos(Q,To+,)
n=1

M
+68;, Y. H, cos(®,To+ vm) (2.4,2.5,2.6)
m=1

DZX + ] le = 2D0D1Xj0+ Dy Xjo _%(Doon)3 + 3jl((’lleo'*' a3 X30)
+aj2(a2X10 - a4X30) + 6j3(a5X10+ a6X20) (2.7, 2.8, 2.9)

The solutions (2.4)-(2.6) can be expressed as

Xjo=A;(T,) e Mo+ 8, z P.Q'e

M
+8, ¥ P.®, e“To+C.C. (2.10,2.11,2.12)
m=1

where
Pn =%F,,Q,,(0)%"Q,21) eiu"’ Pm =%Hm(w§_q)fn) eiym (213)

where C.C. stands for the complex conjugate of the preceding term. Sub-
stituting expressions (2.10)-(2.12) into equations (2.7)-(2.9) yields

DX+ ol X;

Pn eiQnTO
1

= iw(A;—2A! - A2A Aw}) o+ §; [
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M
al(AZ e"“’zTo_]— Z Pmd);l ex®mT0>+a3A3 em’BTO

m=2

3 (A1w1 3iw T0+3A2 2 2th z P,,em"TO

n=1

N
—3A%w2 ethlT Z Pn éxﬂ T,

N N
+3A,0, @70 Y Y PP, e/ T

n=1 p=1

N N
‘6A1(01 e"”lTO Z Z P"Pp e'(ﬂn"np)To

n=1 p=1

N N
—3A1w1 e—xw‘T0 Z Z P"PP ez(!’)n-i—ﬂp)To

n=1 p=1

N

_6A1A1w% Zl Pn elQ"TO_*_ Z Z Z PanPq el(ﬂ"+ﬂp+nq)To
n=

n=1 p=1 g=1

N N N - .
= Pnpppqe«ﬂnmp—w)]

n=1 p=1 gq=

+5;
=1

1 . M .
+a, A, e °+§ i (A2w2 e To+ 34,0, 2270 Y P, e'nTo

m=1

M
2 2iw,T, D —id
—3A%w3 2T ¥ P, e "m0
=1

+3A2w2 euu2 Z Z PmPp el(@ +@ )T,

m=1 p=1

M M
—6A2w2 e""zTo Z Z PmPp el(¢>m —®,)T,

m=1 p=1

M M
~3A,w, e'@To y ¥ PmPpe.(¢m+¢p)To

m=1 p=1

M M M

—6A,A,03 z P+ ¥ ¥ zZ P, P,P, &' ®nt®t®)T

m=1 p=1 g=

M ) ) N
z[i,,, y P, e""mTo+a2(A1 e“To+ Yy POt
m 1

n=
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M M M o
51 T ¥ pppecosn)]

m=1 p=1 g=1

N
+6j3|:a5(A1 eiw1T0+ Z Pnn;l eiQnTO)

n=1

M
+a6(A2 elmZTn'i' Z Pm¢,_nl e'q)'"T°>

m=1
1 .
+§ iAiw3 e3'°’sTo] +C.C. (2.14,2.15,2.16)

Any particular solution of equations (2.14)-(2.16) contains secular terms
and it may contain small divisor terms, depending on the resonances
produced in the different cases. To express the nearness of w, to w, and of
w; to w,, we can write

w,=w;+ea, and w;=w,+£0, (217)

3. HARMONIC RESONANCE

3.1. Approximate Solutions

In this case, we take F,=2gf; and H, =2¢h,. Equations (2.14)-(2.16)
become

D(2>Xj1 + w?le
= iw;(A; —2A]— Af/ijcuf) e™iTo

+611 [aIAz eisz°+ a3A3 eiw3T0

N N )
—2iA 0, e 70 Y Y PP, e T2, COS(QITP+V1)}

n=2 p=2
+5j2[a2A1 eimlTo+a4A3 eiw3T0
) M M -
—2iA20)2 equTO Z z PmPp e'(‘bm‘q)P)To'{'zhl COS(®1T0+ yl)]
m=2 p=2
+8j3[0!5A1 eiw‘T°+ asAz eiszO] +NST+C.C. (3'1’ 3'2’ 3.3)

where NST stands for terms that do not produce secular or small-divisor
terms. Putting

Q,-=w1+80'3 and ®1=w2+£0'4 (34)
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and eliminating the terms in equations (3.1)-(3.3) that produce secular
terms in X, yields the following equations for A; [using the polar form for
Aj=a(T;) ¥ 7V]:

1 a,y a3 fi
al=qal| &—=a’w?)+6; [——a sin 8, +—= a, sin 6;+—sin @
J J(EJ 8 J J> j1 2(01 2 1 2(01 3 3 (l)l 3

a A « . h, .
+6j2[—f a, sin (91+5—4 a; sin 04+-—ls1n 05}

(2] Wy (0F)
27 R Qg .
+6;3 —5'0')—3 a; sm 02‘5;; a,sin 6, (3.5,3.6,3.7)
aB;=8; [—-% a, cos 01—% a; cos Oz—f—lcos 03]
h
+8jz[—2a—w22 a; cos 6, -—fwiz a; cos 94-—52 cos 05]
+8j3[—2%53 a, cos 62—56—;-6; a, cos 64] (3.8,3.9, 3.10)
where
6, =0T\ +B,— B, 0,=0,T,+B;— B, 0,=03T,—B;+w
(3.11)
04=(0'2'0'1)T1+,33"32, Os=0,T,— B+ v
and
1 XN - 1 M _ 1
512-2-_ ;l PP, §2=5_ z_:lePm, §3:5 (312)

Thus, the approximate solutions can be written in the form

N
X;=a; cos(wt+8,)+28;, ¥ |P.JQ;" cos(Q,t+,)
n=2

M
+28;, Y |Pn|®@;) cos(®,t+y,)+o(e) (3.13,3.14,3.15)
m=2
where a; and ; are defined by equations (3.5)-(3.10).

3.2. Steady-State Solutions

For the system of equations (3.5)~(3.10) to have stationary solutions,
the following conditions must be satisfied:

ai=at=al=601=0,=0;=0,=0,=0 (3.16)
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Hence, using the above conditions and substituting expressions (3.16) into
equations (3.5)-(3.10) yields the steady-state equations

1 2 2) [ [+ 2] R (£ %] . .fl R ]
alé&——asw; )| +6;,,] — a,sin 6,+— a; sin §,+—sin 0
](gl 8 j 0 i1 20, 2 1 20, 3 2 o, 3

Qs . Oy . h, .
+8;,] —— a, sin 6, +—— a; sin 64,+—sin 65
2w 2

2 (5] w>
+6,5 [—& a, sin 8, ——> a, cos 94] =0 (3.17,3.18,3.19)
20)3 20)3
44 a
9 [—l a, cos (:?1+-—i a; cos 02+i1— cos 6;+ alo-3]
2w, 2w, w,

(£ 23 [4 7 hl
+8;,| — a, cos 8;+— a; cos 0,+—cos 05+ a,(o3—oy)
2(02 2(02 wsy

+5,, [5"‘—5- a, cos 92+-29‘i a, cos 04+ as(os — 0'2)] =0 (3.20,3.21,3.22)
w3

w3

4. SUBHARMONIC RESONANCE

4.1. Approximate Solutions

In this case, we write Q, =3w,+ €03 and ¢, =3w,+ £0,. Eliminating
the secular and the small-divisor terms from the solutions of equations
(2.14)-(2.16) yields

1 a; . a3 . ;
aj=a (fj -3 afwf-) +8; [-2; a,sin 6, +Z’_1 a; sin 6,+ w,a’ S, cos 6,

a ] a . p
+8;, [———-i a, sin 01+—4- a, sin 0,+ w,a3S, cos 05]
2w, 2

w3
+8;3 [__QIs_ a, sin 6, -2 a; sin 04] (4.1,4.2,4.3)
2(1)3 20)3

[+ 3] az .
af;=28;,| ~—— a,cos 6, ——— a; cos H,+ w,a3S; sin 03]
2w, 2w,

o 4 .
+98;, [——2- a,cos 8, ——as cos 9,+ wzais2 sin 65]
2w, 2w,

+8, [——95— a, cos 6, ——= a, cos 94] (4.4,4.5,4.6)
2w 2

3 w3
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where
03=0'3T1_3B}+Vq, 05=0'4T1_332+‘Yp, —4l | Sz=71;Pp|
(4.7)
Thus, the approximate solutions can be written in the form
N
X;=a; cos(wt+B;)+28, ¥ |P,| cos(Q.t+v,)
n=1
M
+28;, Y|Pyl cos(®,.t+v,)+ O(e) (4.8,4.9,4.10)
m=1]

where a; and B; are defined by equations (4.1)-(4.6).

4.2. Steady-State Solution

A stationary solution is not possible unless the conditions (3.16) are
satisfied. Hence, the steady-state equations are

1 a . a .
a; (51- _§ afwf) +6;; [2—‘0‘1— a, sin 6, —2—3— as sin 0,+ w,a?8$, cos 93}

wy

« ) .
+6;, [——Ei a, sin 6, +-% a; sin 8,+ 0,a3S, cos 95]
(25)

w2
+6j3[_ﬁ“a‘ sin 62_“’a_6_a2 Sin 04] =( (4.11, 4.12, 4.13)
2w, 2w,

&y a3
81| = a, cos 8, +—= a; cos 0, — w,a}S, sin 03+ a,04
20)1 2(()1

[49 o
+8;, [—i a, cos 6, +—= a; cos 0, — w,a3S, sin 5+ a2<
2(02 2(&)2

W | =

=0l
as 213 1
+6;3 2—w3alcos 92+5’;3t12005 0.t as 393792 =0
(4.14,4.15,4.16)

5. SUPERHARMONIC RESONANCE

5.1. Approximate Solutions

In this case we write 3Q, = v, + ¢05 and 3®, = w,+ 0,. Eliminating
the secular and small-divisor terms from the solutions of equations
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(2.14)-(2.16), yields

1, 2) [al Qs K,
al=a| §——ajw; )+ 86, — a,sin 8, +—— a, sin ,+— cos 8
J J(gl 8 RV} i1 zwl 2 1 20)1 3 2 0)1 3

a . ed . K
+8j2[—-—2 a, sin 9, +—= a, sin 6,+—2= cos 0
2w 2

2 Wy wy
+38;5 ':NZ% a; sin 02—2&76 a, sin 04] (5.1,5.2,5.3)
2 3
r @, Qs K] .
a;8;=8; -—-2:‘ a, cos 6, —5;)-; as; cos 02+Z)—1— sin
K
+8j2[~2£w2- a, cos 8, —%‘— a; cos 494-i~—a—)2 sin 95]
2 2 2
+8;3 l:“;:‘)—s a, cos 92“;{76 a; cos 94] (5.4,5.5,5.6)
3 3
where
K =iPRf, K,=iP,[, 6:=03T,—Bi+3y, Os=0,Ti—B,+3y,

(5.7)
Thus, the approximate solutions are given by equations (4.8)-(4.10), where
a; and B; are defined by equations (5.1)-(5.6).
5.2. Steady-State Solutions

Imposing the conditions (3.16) on equations (5.1)-(5.6) yields the
following steady-state equations:

15, s 12 4 s oy +_I_(_1
; fj——gajwj + 6, 2, azsm01+2wla3sm02 o cos 65

oy . Ay . K,
+8;| —=a,sin 6,+— a; sin 6,+— cos 6;
2(02 2(02 w>

j{_ﬁzﬁn%_fz%ﬁnm]=o (538,59, 5.10)

2(03 w3

o, as K, .
81| = azcos 6, +—=—a;cos 6,———sin O;+a,o;5
2w, 20, @,

+48

a 24 K N
i [Z)z— a; cos 01+2—i a; cos 04~—~w—2 sin 05+ a,(oy— o-l)]
2

w2 2

a a
+8; [j a; cos 02"‘2:" a, cos 0,4+ 03(0'3_0'2)] =0
3 3

(5.11,5.12,5.13)
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6. SIMULTANEOUS SUB/SUPERHARMONIC RESONANCES

6.1. Approximate Solutions

In this case, we take

30,=0,+:50;, Q,=3w,+e0,

3, =w,+¢e0s, P, =3w,+ 0%

Eliminating the terms in equations (2.14)-(2.16) that produce secular terms

yields

1 aq . (451 .
a= aj(fj—g a}wf) +8; [-2:)—1 a sin 6+ asin 6,

W,

K
+~1 cos 8+ w,a2S, cos 04:’
W,

o ; a .
+6j2':—-—i a,; sin 6, +—= a; sin 05
2w, 2w,

K
+—2 cos 05+ w,a3S, cos 97]
@7

+8;5 [—f‘i a, sin 6, ——% g, sin 05] (6.1,6.2,6.3)
2w 2

3 w3

o a K, . .
apB;=38; [—j a, cos 6, —Ei a; cos (92+——l sin 6;+ w,ais; sin 04}

where

)i W (231

a o K, . .
+8;, [—2——2~ a, cos 0, —?-4— a; cos 65+—2 sin 84+ @,a38, sin 97:’

Wy (0)] (2}
+6; [___E‘i a, cos 0, 2 a, cos Osi] (6.4,6.5,6.6)
20)3 2(03

03=0'3T1_B1+3VP’ 0420'4T1_3B2+Vq,
O0s=(or—0) T+ 85— B 9620'5T1“/32+3')’p1, (6.7)

0,=06T, _3ﬂz+'yq1
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Thus, the approximate solutions are given by equations (4.8)-(4.10), where
a; and B; are defined by equations (6.1)-(6.6).

6.2. Steady-State Solutions

A stationary solution is not possible unless the conditions (3.16) are
satisfied. Hence, the steady-state equations are

1,5 [al . a3 .
alé&——a;w; | +8,]| — a,sin 8, +——a; sin 0
J(‘fj g 7 i 2w, 2 ! 2w, 3 2

K
+_!'COS 03+w1a%5‘ COS 64]
@,

o . « . K.
+8;, [:___g_ a, sin 6, +—= a, sin 05+-—2 cos b
2(02 2(02 Wy

+w,a3S, sin 07]

+8;5 [—35— a, sin 0, ——% a, sin 05] =0  (68,69,6.10)
2(1)3 2

w3

a3 K] . .
% [ a, cos 8, +—= a; cos 6,—— sin 0; — w,a’S, sin 0,+ a,0,
2w, 2w, W,

ez K, |,
+8;, a1 cos 8;+——a; cos B5——sin 6
2w, 2w, (%

“'(l)2a§S2 Sin 07+ a2(0'2— 0'1)]

_’iaz Cos 05+a3(0'3_0'1)] =

as
+8;3 [——— a, cos 6,+
20)3 [0

(6.11,6.12,6.13)
7. COMBINATION RESONANCE
7.1. Approximate Solutions

In this case, we take Q,+Q,=2w,+£0; and @,,+,=2w,+c0,.
Eliminating the terms in equations (2.14)-(2.16) that produce secular terms
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yields
f = _l 2.2
aj'—aj §j ajﬂ)j

i 1 a3 1
+8;4] — a,sin 0, +—— a5 sin 6,—— a,d, cos 0
j1 —20)1 2 1 2(1)] 3 2 2 141 3]

C a . a R 1
+6;, ——:2—1 a, sin 6, +-2—i a; sin 94—5 a,d, cos 64]

L <> @y
+68;4 —% a, sin @, —5%63 a, sin 04] (71,7.2,7.3)

’ a, a3 1 .
af;=0; —‘2"0—1 a, cos 6, —Z)_l a; cos 02—5 a,d; sin 6,

1 .
+8; [—2—az— a; cos &, —5%- a; Cos 64—-2- a,d, sin s sin 05]

w, w,
+8;3 [—2%5—3 a, cos 6, —5%3- a, cos 04} (7.4,7.5,7.6)

where

d,=|P,P,|, d,=|P,P,
’ ? : ? a7
0320'3T1“2ﬁ1+7’n+1’p, 0530'4T1_232+7m+’)’p

Thus, the approximate solutions are given by equations (4.8)-(4.10), where

a; and B; are defined by equations (7.1)-(7.6).

7.2. Steady-State Solutions

Imposing the conditions (3.16) on equations (7.1)-(7.6) yields the
following steady-state equations:

1 2 43 . %] . 1
aj(gj “3 afwj) +8; [5; a, sin 01+ZD—1- a; sin 02—5 a,d, cos 85

(471 . ay . 1
+5;, [-5‘—; a, sin 6, +2—a;; a;, sin 64—5 a,d, cos 05]

+6,3 [——“ﬁ— a, sin 6,——% 4, sin 04] =0 (1.8,7.9,7.10)
2w 2

3 w3
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a, as 1 : 1 ]
8;1| — a, cos 8, +—=a; cos 6,+—a,d, sin 0;+— a,0
)j [Zwl 2 1 2w, 3 2 P 181 3 2 193

Qs (4 7]
+8;2 [-—— a,cos 8;+—a;cos 0,
2w, 2w,

1 . 1 ‘
+5a2d2 sin 05+ a2<5 0'3—0'1>]

as Q¢
+6;3 [2—0)3 a, cos 9, +5a73 a, cos 0,

_as(% (,3,(,2)] ~0 | (7.11,7.12,7.13)

8. NUMERICAL RESULTS

From equations (3.17)-(3.22), (4.11)-(4.16), (5.8)-(5.13), (6.8)-(6.13),
and (7.8)-(7.13) we can obtain the corresponding frequency response
equations, which are nonlinear coupled equations and can be solved numeri-
cally by using the Newton-Raphson method. Choosing suitable initial
values, for example, X,=3, Y,=3, and Z;,=3, we obtain the results in
Figures 1-19. Figures 1-5 show the corresponding variation, in the case of
harmonic resonance, of the parameters £, oy, and o,, and when the
coupling terms a, = as;=0, the three modes are decreasing in magnitude.
Figures 6-9 show the variation, in the case of subharmonic resonance, of
the parameters o; and o, the three modes are decreasing in magnitude
with respect to Figure 6. Figures 9-12 correspond to the variation, in the
case of superharmonic resonance, of the parameters F, and o,, and the
three modes are decreasing in magnitude with respect to Figures 9, 10, and
12. When o, increases, the first and second modes decrease in magnitude:
and the third mode increases in magnitudes (Figure 11). Figures 13-15
show the variation of the parameters o, and o, in the case of simultaneous
sub/superharmonic resonances. The three modes have decreasing magni-
tudes with respect to Figure 13. Figures 16-19 correspond to variations, in
the case of combination resonance, of the parameters 7,, oy, 0; the three
modes are decreasing in magnitude with respect to Figure 16. For all the
figures, we take w, =1, w,=1, and w;=1.

9. STABILITY ANALYSIS
To determine the stability of the steady-state solutions, one lets

aj=aj0+aj1 and 91= 0_’0+ Gjl, j=1, 2, 3, 4,5 (9.1)
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where the a;, and 6, are the steady-state values and a;; and 6;, are
infinitesimal time-dependent perturbations. Now we study the stability
corresponding to the harmonic case.

Substituting (9.1) into equations (3.5)-(3.10), using equations (3.17)-
(3.22), and linearizing the resulting equations, one obtains

, 3 oy . ay .
aj1=(§j—8 Jowj) +6 [20)1 (Sln 010)a21+5'a)i(sln 020)a31
1 1
@ o
+— (ayo cos 8,4)0,; +—= (@30 COS 839) 65, +£ (cos 059) 031]
wq 20)1 wH
+5]-2{—~a—2 (sin 6,9)a,, +—a—4— (sin G4)as,
2(1)2 2(02
h,
- (alo €os 65) + (aso €05 O49) - (cos 050) | 611
Zw 2w, @,
Qa4 hl
+——(a30 €0 04) 8, +— (cos 050) 03,
w3 w3
o
+8;3 {_—S_ (sin 8x0)ay, s (sin Bs0)az
2(03 2(,03

Xg
+ (@20 €OS 849) 01,
2(03

[ (@40 €OS 0) +28 & (a5 cos 040)] 02,} (9.2,9.3,9.4)
2 w3 2(.0
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Put a;, = C;¢*" and 6;, = C;,; et into equations (9.2)-(9.7). The solution
is stable if and only if the real part of each of the eigenvalues of the
coefficient of the matrix is less than or equal to zero. Following the same
analysis, we can study the problem of stability for cases of other resonances.
The stable solutions are represented by solid lines and the unstable solutions
by broken lines on the frequency response curves (Figures 1-19). For
harmonic solutions, the stable regions are discontinuous. For other reson-
ances the solutions are not stable.

10. SUMMARY AND CONCLUSION

In this paper we have presented an analysis of the response of a
self-excited three-degree-of-freedom systems in which the first two modes
are excited externally to multifrequency excitation and the third mode is
excited through coupling. The method of multiple scales is used to determine
six first-order ordinary differential equations that describe the modulation
-of the amplitudes and phases of both types of modes caused by the reson-
ances. Steady-state solutions are obtained and their stabilities are investi-
gated. Numerical analyses are carried for different resonances, using the
Newton-~Raphson method, for suitable initial values. Numerical results are
presented in Figures 1-19. The results show the effects of the variation of
the parameters on the amplitudes.
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