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Response of Self-Excited Three-Degree-of-Freedom 
Systems to Multifrequency Excitations 

A. M. Elnagar ~ and A. F. EI-Bassiouny ~ 

Received November 17, 1991 

The response to multifrequency excitation of a three-degree-of-freedom self- 
excited system is analyzed by using multiple scales. Five cases of resonance are 
considered: Harmonic, subharmonic, superharmonic, simultaneous sub/super- 
harmonic, and combination resonances. The steady-state amplitudes for each 
case are plotted, showing the influences of the several parameters. Approximate 
solutions are found and stability analyses are carded out for each case. 

1. INTRODUCTION 

Considerable attention has been given to the response of  oscillatory 
systems (Krylov and Bogoliubov, 1947; Minorsky, 1962; Haag, 1962; 
Elnaggar, 1976). The response of  these systems is of  considerable interest 
to several fields of  engineering, statistical mechanics, electronics, and bio- 
logical science (Pavlidis, 1962; Lindsay, 1972). The subject has by no means 
been exhausted, and little attention has been given to the response of  
oscillatory systems with many degrees of freedom (Tso and Asmis, 1974; 
Nayfeh and Mook, 1979; Nayfeh, 1983; Nayfeh and Zavodney, 1986). This 
paper  extends the analysis developed in Elnaggar and EI-Bassiouny (1991) 
to a self-excited system with three degrees of  freedom in which the first 
and the second modes are excited externally to multifrequency excitations 
and the third mode is excited through coupling. The mathematical model 
of  these systems is 

~L~J2( EO12Xl'~-'O14X3"~- m=l ~ H'~ c~ 
+Sj3(e~sXl + ece6X2) (1.1, 1.2, 1.3) 
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where ft , ,  d~,,, v,, 3'.,,/7,, H.,, %, and a~ (i = 1 , . . . ,  6) are constants. 
In equations (1.1)-(1.3), and in all the subsequent equations, the 

subscript j takes the values j = 1, 2, 3 and 8jk is the Kronecker symbol, with 
k =  1, 2, 3. This model represents the oscillation of a cutting tool, the 
self-rotation of elastic rotors, and many other physical systems (Vasilenko, 
1969; Kononenko and Kovalchak, 1973). 

2. ANALYSIS 

Using the method of multiple scales (Nayfeh and Mook, 1979), one 
seeks an approximate solution in the form 

Xj(t; e)~Xjo(To, T~)+eXj,(To, T O + " "  (2.1,2.2,2.3) 

Substituting (2.1)-(2.3) into equations (1.1)-(1.3), expanding the deriva- 
tives, and equating the coefficients of e ~ and e on both sides, we obtain 

N 
2 2 DoXjo+t~ E K, cos(f/ ,To+v,)  

M 
+8j2 E H"  cos (~ 'To+  7,.) (2.4, 2.5, 2.6) 

m=a 

D2Xjl  2 --~ o)j Xjl = -2DoD1Xjo--~ DoXjo - l (DoXjo)3  --~ ~jl(O~lX2o-q- o/3X3o ) 

-q-odj2(o~2Xlo- or )-~- ~j3(o/5Xlo-~ o~6X2o ) (2.7, 2.8, 2.9) 

The solutions (2.4)-(2.6) can be expressed as 

N 
X j o = A j ( T a )  ei%T~ E Pn~"~n 1 era"r~ 

m=l 

M 
+8j2 ~ P'qb~ a e"&T~ (2.10,2.11,2.12) 

m=l 

where 

Pn 1 2 1 2 2 " = ~F,f~,(wl - 122) ei"., p" = ~H=(to2- ~ ' )  e '~ (2.13) 

where C.C. stands for the complex conjugate of the preceding term. Sub- 
stituting expressions (2.10)-(2.12) into equations (2.7)-(2.9) yields 

D~Xj,  + 2 ~Oj X j  l 

iwj(A~-2Aj 2-  2 -A;A/oj)e'%To+8~I i E P,, e'~"r~ 
n=l 
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l i(A~w~ e3i t~  o+3AltO 122e2it~ ~ en eil)nT~ 
" ~ 3  n = l  

N 
2 2 e2i%To ~i~.T o _3AltOl ~ 15 

n = l  

N N 
+3Alo91 e ~%T~ Z E P.Pv e'(a"+a')r~ 

n = l  p ~ l  

N N 
-6A1o91 e i%T~ ~ ~ Pnfip e ' ( a ' - " , ' ) T ~  

n=l p=l 

N N 
- 3 A l ~  ei%r~ E ~ PnPp e ' m ~ 1 7 6  

n ~ l  p = l  

N N N N 
-6A~Alo)~ Z P~ era J~ E E E P.P, Pq eSm~176 

n = l  n = l  p = l  q = l  

)] -3  Y~ E V~P~,fiq e'(a-+a.-a~ ) 
n = l  p = l  q = l  

+o4A3ei-,+ /(3 3 e2. o e'~ A2oJ2 e 3i'zT~ + 3A2oJ2 Pm 

M 
2 2 e2iO,2ro e- i .  ro -3A2w2 E t5 

m = l  

M M 

+3A2to2 e ~'~176 Z Z PmPp e ~(*~+%)r~ 
m = l  p = l  

M M 
-6A2to2 e "~176 Z Z P,,,Pp e'(%'-%)T~ 

m = l  p = l  

M M 

-3A2w2 e '~'J~ ~ ~ P,,,Pp e ~*~+%)r~ 
m = l  p = l  

M M M M 
-6A2A2w 2 ~ P., ei*~To+ y~ Y. ~ P,,,PvPq e~(%+%+%)ro 

m = l  m = l  p = l  q = l  
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- 3  E Y 
m=l p=l q=l 

+t~j3IOts(Al ei%T~ Pnl'~nl eiO"T~ ) 

-b ot 6 ( A 2 e io~ 2 T~ -l- m~== l Pm t~P ml e i ~ ~ T~ ) 

+3 iA~to~ e 3i% T~ + C . C .  (2.14, 2.15, 2.16) 

Any particular solution of  equations (2.14)-(2.16) contains secular terms 
and it may contain small divisor terms, depending on the resonances 
produced in the different cases. To express the nearness of to2 to to1 and of 
0.) 3 to to~, we can write 

to2 = to1 + err1 and tO 3 = tO l "4- eOr 2 (2.17) 

3. HARMONIC RESONANCE 

3.1. Approximate Solutions 

In this case, we take F~ = 2ef~ and H 1 = 2ehl .  Equations (2.14)-(2.16) 
become 

2 2 DoXj  i + t-oj Xj 1 

= itoj(Aj - 2A'j - A~fi~/o}) e% To 

" ~ j l  l o~lm2 ei~176 ~ e i% To 

-2iA,~ol  e i'~176 ~. P~l~p ei(n.-a .)ro+2fl  cos (n lTp+  vl) 
n~2 p~2 

r 
+8j2 [a2Al  ei%r~ o~4A3 el%To 

-2iA2~o2 e '~~176 ~ ~ P~Ppe~(*~-*Jr~ cos(* ,To+T~)  
m=2 p=2 

+ t ~ j 3 [ o ~ s m l  e i%T~ a6A2 e ~'~176 + N S T +  C.C. (3.1, 3.2, 3.3) 

where NST stands for terms that do not produce secular or small-divisor 
terms. Putting 

fli = to1 + co'3 and dPl = to2 + err4 (3.4) 
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and eliminating the terms in equations (3.1)-(3.3) that produce secular 
terms in Xjl yields the following equations for A t [using the polar form for 
A t = aj(T1) e i ~ j ( T ' ) ] :  

aj--aj ~---~ajtoj +6jl a2sinOl+~wla3sin (1)1 03 

- 04 + - -  sin 05 +8j2 ~ al sin 01 + 2~-2~2 a3 sin hi 

[o, o6 ] 
+8j3 - ~ 3  al sin 0 2 - ~  a2 sin 04 (3.5, 3.6, 3.7) 

[ 0 / 1  0/3 ] 
aj/3j = ~jl - - ~ 1  a2 COS 01 --2f.0"-'-'-~ a3 COS 02 - f l  COS 03 

+8~2 -?-Z al cos 01-2~o---~ a3 cos ~o2 cos 0~ 

I O~5 016 1 +8j3 -~w3 al cos 02-~w3 a2 cos 04 (3.8, 3.9, 3.10) 

where 

01 = 0-1TI +/32 -/31, 02 = o'27"1 +/33 -/31, 

04 = (0"2-- 0"1) r l  "~/33 --/~2' 

and 

03 = o'3T1 - i l l  + vl 
(3.11) 

05 = 0-4T1 - ~ 2  "q- '~1 

1 N 1 M 

~l =2--n~=l Pnfin, ~ 2 = ~  - m~=l PmPm, ~3=~ (3.12) 

Thus, the approximate solutions can be written in the form 

N 
Xj = a~ cos(wjt+/3i)+28/1 E [Pnlnn 1 COS(~-~nt'~- /~n) 

r~=2 

M 
+28j2 E IPm[d~,lC~176 (3.13,3.14,3.15) 

m=2 

where aj and fl~ are defined by equations (3.5)-(3.10). 

3.2.  S t e a d y - S t a t e  So lu t ions  

For the system of equations (3.5)-(3.10) to have stationary solutions, 
the following conditions must be satisfied: 

/ __ ! ! __ ! __ ! __ al - -  a ~  = a~ = 01 = 02 - 03 - 04 --  0~ = 0 (3.16) 
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Hence, using the above conditions and substituting expressions (3.16) into 
equations (3.5)-(3.10) yields the steady-state equations 

a t ~ j - -~a j" , j  a2sinOl+-2-~la3sin02 ",1 sin03 

[ 0/2 a__~4 sin 04+ hi sin 05] q-SJ2 - - ~ 2  al sin 01+2to2 a 3 ",2 

+8j3 -~w3 al sin 02-2"----" ~ a2 cos 04 =0 (3.17, 3.18, 3.19) 

8jl ~ a2 cos o, + 2--~ a3 cos ~ cos o3+ a10"3 

+aj2 ~ al cos o, + 2--~ a3 cos ~ cos 05+ a2(~ - 0",) 

al cos 02+~--- a2 cos 04+ a3(o'3- o'2) = 0 (3.20, 3.21, 3.22) 

4. SUBHARMONIC RESONANCE 

4.1. Approximate Solutions 

In this case, we write f~o = 3 " 1 +  eO'3 and r = 3",2+ eor4- Eliminating 
the secular and the small-divisor terms from the solutions of equations 
(2.14)-(2.16) yields 

aj-aj  ~--~aj",j +8jl a2sin01+ a3 aasinO:+",la2SlcosO3 
2tol 

+6j2 -2w-~wl al sin 0, +2-~w2 a3 sm 04 + ",2a2S2 cos 05 

+8j3 - ~  al sin 02-~w3 a3 sin Ok (4.1, 4.2, 4.3) 

I 0/1 0/3 1 aj[3~ = 6jl -~--~ a2 cos 01-2w-~w~ a3 cos 02+tola2S1 sin 03 

[ 0 / 2  4 ] 
"Jl-~J2 - - ~ 2  al COS 01 - - - -  a 3 COS 04+",2a~S 2 sin 05 

2 "  2 

[o, o6 ] 
"]-~j3 - - ~ 3  al COS 02 ----2093 a 2 COS 04 (4.4, 4.5, 4.6) 
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where 

03-'-=0"3T1--3~l q- l,,'q, 05~-or4T1-3~2--~'yp, s ,  = 11~,~1, 

Thus, the approximate solutions can be written in the form 

N 

Xj = aj cos(toj t+fl j l+28j ,  ~ [Phi cos(f~nt+ v.) 
n = l  

M 

+2aj= Y. IPm[ COS(qb,.t+%,,)+O(e) 
m = l  

where aj and ~j are defined by equations (4.1)-(4.6). 
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S2 =~lP, I 
(4.7) 

(4.8, 4.9, 4.10) 

4.2. Steady-State Solution 

A stationary solution is not possible unless the conditions (3.16) are 
satisfied. Hence, the steady-state equations are 

o l -  - ] 
aj ~j-- a~m~ + ~ j l  ~-~la2slnOa-2w---~la3sinO2+wla~SlCOS03 

[-~2a2 t~----L sin 04+to2a~S2 cos 05] +8j2 al sin 01+2t02 aa 

[ .  ] +8j3 - ~  al sin 02-2-~-2~2 a2 sm 04 = 0 (4.11, 4.12, 4.13) 

a 2 cos O~ a 3 cos 02 03 --t- 3 ato" 3 
2~o~ 

al cos 01 + 2to2 a3 COS 04 -- to2a~S2 sin 0s + a2 0-3 - 0"1 

+~j3 Or5 al cos 02+~--~3a2cosO4-t-a3 ~0-3--0"2 = 0  

(4.14,4.15,4.16) 

5. SUPERHARMONIC RESONANCE 

5.1. Approximate Solutions 

In this case we write 31"~p = o.)1"~-80" 3 and 3dPp = O22-1-E0"4. Eliminating 
the secular and small-divisor terms from the solutions of  equations 
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(2.14)-(2.16), yields 

[ 1 2 2 ~ [ 0/1 �9 a3 

[0,2 0/4 ] 
+ 6j2 - ~ a l sin 01 + ~2092 a3 sin 04 + K2092 cos 05 

o6 ] 
+6j3 -2--~2 al sin 02-209---33 a2 sin 04 

r _ [ 0/1 0/3 1 aflj - 6jl -2~-~1 a2 cos 012091 a3 cos 02+ K~ sin 03 
091 

[ O/2 0/4 ] 
+6j2 -2-~2 al cos 01-209--~2 a3 cos 04+K2 Sino9205 

[o, ] 
"Jt-~j3 - - - -  al cos 02-  0/6 a2 COS 0 4 

2to 3 209 3 

where 

Ka = IIP~I 3, K2 = llPq [ 3, 

sin 02+Kltol cos 03] 

(5.1, 5.2, 5.3) 

(5.4, 5.5, 5.6) 

03 = Or3 T1 - ill-t- 3/-'p, 05=cr4Tl-fl2+3yq 
(5.7) 

Thus, the approximate solutions are given by equations (4.8)-(4.10), where 
aj and/3j are defined by equations (5.1)-(5.6). 

5.2. Steady-State Solutions 

Imposing the conditions (3.16) on equations (5.1)-(5.6) yields the 
following steady-state equations: 

[122"~ [-~0 0/3 ] aj~--~a:09:)+Sjl. ~ a2sin 01+2091-- a3 sin 02+ K-K-! cos 0 3 0 9 1  

[0/2 ] 
+8j2 - ~ 2  al sin 01+2-~2 a3 sin 04+K2o92 cos 05 

+6:3 sin 02-2093 a2 sin 04 = 0 (5.8, 5.9, 5.10) 

~jl a2COS 0 1 + ~ ' -  a3 cos 0 2 - - -  sin 03+ alo'3 
o31 

I 0/2 0/4 1 -t-~j2 - -  al cos 2o92 Ol+-~2a 3 cos 04-K2 sin 05+ a2(cr3- crx) 
O92 

+,,3[ ] al COS 02-1- ~ ~  ~ a 2 cos 04-I- a3(o" 3 -- 0"2) m. 0 

(5.11,5.12,5.13) 



Self-Excited Three-Degree-of-Freedom Systems 1539 

6. S I M U L T A N E O U S  S U B / S U P E R H A R M O N I C  R E S O N A N C E S  

6.1. Approximate  Solut ions 

In this case, we take 

3~'~p = tOl + e0.3, ~~q = 3tOl + e0. 4 

3qb v = 092 + e0.5, ~q = 3092 + 60"6 

Eliminating the terms in equations (2.14)-(2.16) that produce secular terms 
yields 

a j - a j  ~ -  aZw +6jl - - a 2 s i n  - - a 3 s i n 0 2  
1 

+K1 cos 03+ tola~Sl cos 04] 
(.01 

sin 05 
0t2 O/.....~ 4 

+8j2 - ~  al sin 01+2w2 a3 

+ K2 COS 06+0)2a2S2 cos 071 
to 2 

0/5 a6 1 +6j3 -~w3 a~ sin 02---2o)3 a2 sin 05 (6.1, 6.2, 6.3) 

- - ~ - -  cos 01 cos 02 +K~ sin 03 + w~a~S1 sin 04 ajBj 
tO 1 

- - - -  + w2a2S2 sin 07 "~3j2 ~ a l c o s 0 1  2w2a3cosos+K2sinO 2 

[ a~ a6 ] 
+~j3 -~w3 a, cos 02-2w----~3 a2 cos 05 (6.4, 6.5, 6.6) 

where 

03 = 0.3T1 - 13~ + 3 Vp, 04=0.4T1-3f12+l.'q, 

05=(0.2-o'l)T1-kf13-f12 06=0.sTl-flz+3Tpl, 

07 ~--- o'6T1-3fl2+ ')/ql 

(6.7) 
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Thus, the approximate solutions are given by equations (4.8)-(4.10), where 
aj and/3j are defined by equations (6.1)-(6.6). 

6.2. Steady-State Solutions 

A stationary solution is not possible unless the conditions (3.16) are 
satisfied. Hence, the steady-state equations are 

[ 1 2 2\ [ al 

+/(1 cos 03 + to~a2Sl cos 04] 
to 1 

+8j2 - al sin 01 + a4 a3 sin 05 + - -  cos 06 
2 ~  2 tO2 

+~2a2S., sin 07] 

+8j3 - ~ 3 a l s i n 0 2  - a6 a2sin05 =0  (6.8,6.9,6.10) 
2~o 3 

t~jl a 2 COS ~ COS 02 - K 1  s i n  03 - tola2Sl s i n  0 4 +  alor3 
�9 "---7 0 1 + 2 t o l  a3 (aOl 

a I c o s  - -  c o s  05 - - - - s i n  06 
to2 

-wEa2S2 sin 07+ a2(tr2 - trl)] 

a l  c o s  02+2oj3 a 2 COS 0 5 q - - a 3 ( 0 " 3 - 0 " l )  = 0  

(6.11,6.12,6.13) 

7. COMBINATION RESONANCE 

7.1. Approximate Solutions 

In this case, we take f / ,  + l)p = 2to~ + err 3 and qbm + qbp = 2to  2 +  80"4. 
Eliminating the terms in equations (2.14)-(2.16) that produce secular terms 
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yields 

where 

1541 

122) aj - aj - ~ a i oJj 

+~jl a2 sin 01 +2o)1 a3 02 -~  alda cos 03 

.~,~ - ~ o ~  sin O1 * ~ a ~  s~n 0~-~ o~.~ oos O4 

a f l j -  ~jl -2-~-~1 a2 cos 01-2o)---~ a3 cos 02-  aid1 sin 03 

+~j2 - ~  al cos Ol ---2w2 a 3 COS 04---2 a2d2 sin 05 sin 05 

+6j3 - ~ 3  al cos 02-2-~3 a2 cos 04 (7.4, 7.5, 7.6) 

a,=le.P,I. 

03 = o'3T1-2/31+ v, + vv, 

a2=lemP.l 

05 = o-4T1 - 2/32 + Ym + Yp 
(7.7) 

Thus, the approximate solutions are given by equations (4.8)-(4.10), where 
aj and/3j are defined by equations (7.1)-(7.6). 

7.2. Steady-State Solutions 

Imposing the conditions (3.16) on equations (7.1)-(7.6) yields the 
following steady-state equations: 

aj ~ --8 ajwj ~ a2 sin 0 1 013 " 

+~j2 -2-~2 a, sin 01 +2--~2 a3sin 04 -~  a2d2cos 05 

+8~3[-  a--2L sin 02-  ~ a2sin04] = 0  (7.8,7.9,7.10) 
2o.)3 al 2to3 k .J 
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a 2 COS - -  

al cos 01 + 2o)2 a3 cos 04 

i 

t. 2~o3 2o93 

- - a 3  0"3 - -  0"2 ~--- 0 

Elnagar and EI-Bassiouny 

a 3 COS 02-1- ~ aid1 sin 03"]- ~ a l o r  3 

(7.11, 7.12, 7.13) 

8. NUMERICAL RESULTS 

From equations (3.17)-(3.22), (4.11)-(4.16), (5.8)-(5.13), (6.8)-(6.13), 
and (7.8)-(7.13) we can obtain the corresponding frequency response 
equations, which are nonlinear coupled equations and can be solved numeri- 
cally by using the Newton-Raphson method. Choosing suitable initial 
values, for example, Xo = 3, Yo = 3, and Zo = 3, we obtain the results in 
Figures 1-19. Figures 1-5 show the corresponding variation, in the case of 
harmonic resonance, of the parameters ~:1, o'1, and o'2, and when the 
coupling terms al  = a5 = 0, the three modes are decreasing in magnitude. 
Figures 6-9 show the variation, in the ease of subharmonic resonance, of 
the parameters 0"1 and 0"2, the three modes are decreasing in magnitude 
with respect to Figure 6. Figures 9-12 correspond to the variation, in the 
case of superharmonic resonance, of the parameters Fp and 0-2, and the 
three modes are decreasing in magnitude with respect to Figures 9, 10, and 
12. When 0-1 increases, the first and second modes decrease in magni tude 
and the third mode increases in magnitudes (Figure 11). Figures 13-15 
show the variation of the parameters 0-1 and o-2 in the case of simultaneous 
sub/superharmonic resonances. The three modes have decreasing magni- 
tudes with respect to Figure 13. Figures 16-19 correspond to variations, in 
the case of combination resonance, of the parameters ~h, 0-1, 0-2; the three 
modes are decreasing in magnitude with respect to Figure 16. For all the 
figures, we take Wl = 1, w2 = 1, and o~3 = 1. 

9. STABILITY ANALYSIS 

To determine the stability of the steady-state solutions, one lets 

aj=ajo+ajl and 0~ = 0jo+ 0~!, j =  1 ,2 ,3 ,4 ,  5 (9.1) 
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Fig. 19. d t =0.3, d2=0.5, gt =0.1, ~:2 =0.4, ~r 1 =0, 
0"2=0.6 , 0/1 = 0/2 = Or3 = a4 = 0/5 = Or6 = 1, 012 = 
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where the ajo and 0~o are the steady-state values and ajl and 0jl are 
infinitesimal time-dependent perturbations. Now we study the stability 
corresponding to the harmonic case. 

Substituting (9.1) into equations (3.5)-(3.10), using equations (3.17)- 
(3.22), and linearizing the resulting equations, one obtains 

, _ 3 2 2 a j l + 6 j  I (sin O l o ) a 2 1 + ~ l ( S l n  020)a31 ajo02j 

0/3 ] 
+202, 0/' (a2o cos 010) 011 " ~ 1  (a30 COS 020)02t +flto, (COS 030)031 

I 0/2 t~ 4 
+8~2 -2022 (sin 01o)ata + ~ 2  (sin 0+o)a3t 

_E~  a,oCOS +4 J 2022 01o) +2022 (a3o COS 040 ) -h-10)2 (COS 050 ) 011 

OL 4 +hi / 
(a30 COS 040) 021 (COS 050) 0317 + 2 022 022 J 

a5 (s in  02o)a11--2~ 3 ( s in  040)a21 -q- tSj3 -- 2023 

0/6 ( a 2 o  CO8 040)011 
+ 2 023 

(9.2, 9.3, 9.4) 
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Put ajl = Cj e AT' and 0jl = Cj+3 e aT' into equat ions  (9.2)-(9.7). The solut ion 
is stable if and only if the real part  o f  each of  the eigenvalues o f  the 
coefficient o f  the matrix is less than  or  equal to zero. Fol lowing the same 
analysis, we can study the problem o f  stability for  cases o f  other  resonances.  
The stable solutions are represented by  solid lines and the unstable solutions 
by  broken  lines on the f requency response curves (Figures 1-19). For  
ha rmonic  solutions,  the stable regions are discont inuous.  For  other  reson- 
ances the solutions are not  stable. 

10. S U M M A R Y  A N D  C O N C L U S I O N  

In  this paper  we have presented an analysis o f  the response o f  a 
self-excited three-degree-of- f reedom systems in which the first two modes  
are excited externally to mul t i f requency excitation and  the third mode  is 
excited th rough  coupling.  The method  of  multiple scales is used to determine 
six first-order ord inary  differential equat ions that  describe the modula t ion  
o f  the ampli tudes  and phases o f  bo th  types o f  modes  caused by the reson- 
ances. Steady-state solutions are obta ined  and their stabilities are investi- 
gated. Numer ica l  analyses are carried for different resonances ,  using the 
N e w t o n - R a p h s o n  method,  for  suitable initial values. Numer ica l  results are 
presented in Figures 1-19. The results show the effects o f  the variat ion o f  
the parameters  on the amplitudes.  
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